
Heat Transfer from a Tapered Fin

Heat and Mass transfer



Tapered Fin

➢Let us assume that the fin has the shape of the wedge. 

➢It is convenient to choose the origin of the coordinate system at the tip of the fin.
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➢ The governing equation reduces to
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➢The second term in the parenthesis is negligible compared to the first term and hence 
the equation reduces to:
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Tapered Fin
➢Put    𝜃 = 𝑇 − 𝑇∞
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➢ Let  𝜌 = 𝛽𝑥𝛾 ∶
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➢Now,   

𝜌2 = 𝛽2𝑥2𝛾 =
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➢Allows us to write:
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This equation is modified Bessel’s equation and the solutions are called modified
Bessel’s functions.

If 𝛾 =
1
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𝛽2 =
4ℎ𝐿
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⇒ 𝛽 = 2
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𝑘𝑤
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➢ Bessel’s equation of order n: 𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑥2 − 𝑛2 𝑦 = 0

➢ Solutions are: 

• Bessel’s function of first kind:     

𝐽𝑛 𝑥 =
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∞
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• Bessel’s function of second kind:  
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2

𝜋
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2
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1
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where  𝛾 = 0.5772156 is an Euler’s constant 

Bessel’s functions
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➢ Modified Bessel’s equation of order n:

𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
− 𝑥2 + 𝑛2 𝑦 = 0

➢ Modified Bessel functions of the first kind of order n and argument x, denoted by 𝐼𝑛 𝑥 ,
and modified Bessel functions of the second kind of order n and argument x, denoted 
by 𝐾𝑛 𝑥 , are defined, respectively, by the infinite series

𝐼𝑛 𝑥 = ෍

𝑚=0

∞
Τ𝑥 2 2𝑚+𝑛

𝑚!Γ(𝑚 + 𝑛 + 1)

and

𝐾𝑛 𝑥 =
𝜋

2 sin 𝑛𝜋
𝐼−𝑛 𝑥 − 𝐼𝑛(𝑥) (n ≠ 0, 1, 2, … )

Modified Bessel functions

( )Writing in place of ,ix x



Modified Bessel functions
Or

𝐾𝑛 𝑥 = lim
𝑚→𝑛

𝜋

2 sin 𝑛𝜋
𝐼−𝑚 𝑥 − 𝐼𝑚(𝑥) (n = 0, 1, 2, … )

𝐼𝑛(𝑥) and 𝐾𝑛(𝑥) are real and positive when 𝑛 > −1 and 𝑥 > 0.

➢ A selected few of the numerous recurrence relationships involving the modified
Bessel functions are

• 𝐼𝑛 𝑥 = 𝑖 −𝑛𝐽𝑛 𝑖𝑥

• 𝐼−𝑛 𝑥 = 𝑖 −𝑛𝐽−𝑛 𝑖𝑥

•
𝑑𝐼𝑛(𝑥)

𝑑𝑥
= 𝐼𝑛−1 𝑥 −

𝑛

𝑥
𝐼𝑛 𝑥 =

𝑛

𝑥
𝐼𝑛 𝑥 + 𝐼𝑛+1(𝑥)



•
𝑑

𝑑𝑥
𝑥𝑛𝐼𝑛(𝑥) = 𝑥𝑛𝐼𝑛−1 𝑥

•
𝑑

𝑑𝑥
𝑥−𝑛𝐼𝑛(𝑥) = 𝑥−𝑛𝐼𝑛+1 𝑥

• 𝐾−𝑛 𝑥 = 𝐾𝑛 𝑥 𝑛 = 0, 1, 2, 3, …

•
𝑑𝐾𝑛(𝑥)

𝑑𝑥
=

𝑛

𝑥
𝐾𝑛 𝑥 − 𝐾𝑛+1 𝑥 = −𝐾𝑛−1 𝑥 −

𝑛

𝑥
𝐾𝑛(𝑥)

Modified Bessel functions



➢ If 𝑛 = 0; we get modified Bessel’s equation of order 0

𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
− 𝑥2𝑦 = 0

or,
𝑑2𝑦

𝑑𝑥2
+
1

𝑥

𝑑𝑦

𝑑𝑥
− 𝑦 = 0

➢ Solutions are: 

𝐼0 𝑥 = ෍

𝑚=0

∞
Τ𝑥 2 2𝑚

𝑚!Γ(𝑚 + 1)
and 𝐾0(𝑥)

➢ Our Equation is
𝑑2𝜃

𝑑𝜌2
+
1

𝜌

𝑑𝜃

𝑑𝜌
− 𝜃 = 0

➢Solution of our equation:  𝜃 = 𝐶1𝐼0 𝜌 + 𝐶2𝐾0 𝜌 or, 𝜃 = 𝐶1𝐼0 𝛽 𝑥 + 𝐶2𝐾0(𝛽 𝑥)
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➢ At 𝑥 = 0, I0 = 1, K0 → ∞ ⟹ 𝐶2 = 0

𝜃 = 𝐶1𝐼0(𝛽 𝑥)

➢ At 𝑥 = 𝐿, 𝜃 = 𝜃0 ⟹ 𝜃0 = 𝐶1𝐼0 𝛽 𝐿 so, C1 = Τ𝜃0 𝐼0(𝛽 𝐿)

Therefore, 

𝜃 = 𝜃0
𝐼0(𝛽 𝑥)

𝐼0(𝛽 𝐿)

➢ We also find
𝑑𝜃

𝑑𝑥
=
𝛽𝑥 Τ−1 2

2
𝜃0

𝐼1(𝛽 𝑥)

𝐼0(𝛽 𝐿)

Tapered Fin
since the temperature
everrywhere is finite



➢ The heat transfer rate is given by

𝑞 = +𝑘𝐴
𝑑𝜃

𝑑𝑥
ቚ
𝑥=𝐿

= 𝑘 2𝑤𝑏 ⋅
𝛽𝐿 Τ−1 2

2

𝐼1(𝛽 𝐿)

𝐼0(𝛽 𝐿)

or, 𝑞 = 𝑘 2𝑤𝑏 2
ℎ𝐿

𝑘𝑤
⋅
𝐿 Τ−1 2

2
𝜃0

𝐼1(𝛽 𝐿)

𝐼0(𝛽 𝐿)

or, 𝑞 = 2𝜃0𝑏 ℎ𝑘𝑤
𝐼1(𝛽 𝐿)

𝐼0(𝛽 𝐿)
; where, 𝛽 𝐿 = 2𝐿

ℎ

𝑘𝑤
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Thank you 


